We have shown that the relative phase between the fundamental fiber mode and the transverse perturbation affects significantly the local transverse modal instability (TMI) gain. The gain variation is more pronounced as the core diameter increases. This finding can be used in conjunction with other proposed approaches to develop efficient strategies for mitigating TMI in high power fiber amplifiers and lasers. It also provides some physical insight on the physical origin of the observed large differences in the TMI threshold dependence on core diameter for narrow and broad linewidth operation.
INTRODUCTION
Power scaling in single-mode fiber lasers has been hindered by transverse modal instability (TMI) [1] - [13] . In high power operation, the origin of this effect is predominantly thermal and a number of theoretical models have been introduced to explore the nature and investigate the characteristics of TMI. Theoretical models so far consider the interaction of two propagating modes and study the power exchange between the modes and TMI threshold either though STRS static or dynamic mode interactions [2] - [8] . In an alternative approach, TMI has been studied by considering the stability of the amplified fiber fundamental mode (FM) in the presence of transverse perturbations [10] , [11] . TMI, along with SRS, pump brightness and bend-induced mechanical reliability, is shown to be limiting the power scalability in high power fiber lasers [13] .
Lately, a number of experimental techniques have been suggested for increasing the TMI threshold in high power fiber amplifiers. They include input signal dithering [13] and pump power modulation [14] in order to smear-out the thermally-generated index grating. In an alternative approach, optical lanterns have been used to apply appropriate phase shifts into the excited modes at the output of the lantern and minimize the HOM content, and it has been suggested as a powerful technique to mitigate TMI in HPFAs [15] , [16] .
In this work, we show theoretically for the first time that differential phase shifts between the FM and the perturbative HOM can affect the overall TMI gain. This new understanding can be used to develop faster control algorithms or better lantern-type input systems with minimum input arms.
THEORETICAL MODEL OUTLINE
Our TMI analysis is based on the stability analysis of the fundamental mode (LP 01 ) amplification, in the presence of steady-state heat load and gain saturation [10] , [11] . Spatio-temporal perturbations on the LP 01 mode ε(r,φ,z;t), upper state population δn 2 (r,φ,z;t) and temperature change δT 0 (r,φ,z;t) are Fourier analyzed as:
The electric field perturbation Fourier components are in general complex numbers ( ) ( ) ( ) ; ; ;
with the real and imaginary parts expressed as:
Substituting back into the Maxwell's equations for the perturbations [11] , we obtain the dispersion relation of the perturbation propagation, giving two propagation constants, namely:
where α ε is the additional perturbation propagation loss, v g is the group velocity, and P N , Y 0 are parameters which depend on the local signal & pump powers, the inversion and thermo-optic fiber parameters. The real and imaginary parts of the transverse perturbation at the output of a segment ΔL are given by:
T are the corresponding local eigenvectors defining the perturbation local gain as a function of the local signal and pump powers. The constants c p and c m depend on the relative phase θ 0 between the FM and the perturbation at the input of the segment ΔL:
0; 0; 0; exp
The TMI gain G TMI is given by: Fig. 1 shows the TMI gain for different phase shifts between the fundamental mode and the perturbation as a function of (a) the normalized transverse wavenumber difference, for frequency=0Hz and (b) TMI frequency, for normalized transverse wavenumber difference ΔU=1 (which corresponds to U ε =U 11 ). The other parameters are core/cladding diameters 60/240μm, P s = 1000W, g s = 2.66m -1 . It is shown that the local TMI gain is affected by the relative phase shift between the amplified FM and the perturbation. This phase shift can be induced externally (due to the launching conditions, as in [15] , [16] ) or internally due to non-uniform stresses, heat or inversion distribution. It is shown that the local TMI gain is severely affected by the perturbation relative phase and can be substantially decreased or even increased with respect to in-phase response (phase shift = 0). Fig. 2 plots (a) the maximum TMI gain and (b) associated TMI frequency as a function of the phase shift between the fundamental mode and the perturbation, for U ε =U 11 . The other parameters are: core/cladding diameters 60/240μm, signal power P s = 1000W and gain g s = 2.66m -1 . It is shown that the maximum TMI gain is achieved with a perturbation phase shift of ~ -0.3π and frequency of ~ 220 Hz. This corresponds to ~ 150% increase in TMI gain, when compared to the zero phase shift case. The minimum TMI gain, on the other hand, is achieved with a perturbation phase shift of ~ +0.2π and frequency of ~ 850 Hz, which corresponds to ~ 60% decrease in TMI gain, when compared to the zero phase shift case. Peilmrktiovi Ptcom eit ft. r-11..
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The impact of perturbation phase shift on the maximum TMI gain depends on the core diameter. Fig. 3 plots (a) the maximum TMI gain and (b) associated TMI frequency as a function of the phase shift between the fundamental mode and the perturbation, for different core diameters and U ε =U 11 . The other parameters are: signal power P s = 1000W and gain g s = 2.66m -1 . This implies that TMI mitigation strategies based on differential phase shift control will be more efficient with larger core fibers. Fig. 4 shows the maximum TMI gain as a function of the phase shift between the fundamental mode and the perturbation, for different signal powers and U ε =U 11 . The core/cladding diameters 80/480μm and gain g s = 2.66m -1 . In this case, the corresponding TMI threshold is 400W [11] . It is shown that even at powers well below the nominal TMI threshold (P s =300W), the TMI gain is well above the threshold value when the differential phase shift is ~ -0.35π. This dependence on differential phase shift is in very good agreement with recent experimental results [18] . 
SUMMARY
Power scaling in single-mode fiber lasers has been hindered by transverse modal instability (TMI). In high power operation, the origin of this effect is predominantly thermal and a number of theoretical models have been introduced to explore the nature and investigate the characteristics of TMI. TMI, along with SRS, pump brightness and bend-induced mechanical reliability, is shown to be limiting the power scalability in high power fiber lasers.
In this work, we have shown theoretically for the first time that differential phase shifts between the FM and the perturbative HOM can affect the overall TMI gain. The impact on TMI gain variation depends also on the local signal and pump powers and dopant concentration. It is shown that the local TMI gain can be decreased or even increased with respect to the in-phase response. We have shown that the relative phase between the fundamental fiber mode and the transverse perturbation affects significantly the local TMI gain. The gain variation is more pronounced as the core diameter increases. This is an important finding, which can be used in conjunction with other proposed approaches to develop efficient strategies for mitigating TMI in high power fiber amplifiers and lasers. It also provides some physical insight on the physical origin of the observed large differences in the TMI threshold dependence on core diameter for narrow and broad linewidth operation [11] .
